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We find a gravitational instanton that connects an initial state corresponding to a single-centered
extremal Reissner-Nordstrom (ERN) black hole configuration, to a final state corresponding to a
multi-centered configuration. This instanton is interpreted as describing quantum tunneling between
the two different black hole solutions. We evaluate the Euclidean action for this instanton and find
that the amplitude for the tunneling process is equal to half the difference in entropy between the
initial and final configurations.
PACS numbers:
I. INTRODUCTION
Instantons are solutions of the Euclidean equations of motion. As tunneling processes can be considered as propa-
gation in Euclidean time, an instanton can describe tunneling transitions that are classically forbidden: for example,
gravitational instantons, which are Riemannian solutions of the Einstein field equations, can describe changes in the
topology of space[1]. In the semiclassical WKB approximation, the tunneling amplitude is given by the value of the
Euclidean action for the instanton.
Gravitational instantons have been found that describe the pair production of Wheeler wormholes[2], and the
fragmentation of a single charged AdS2 × S2 universe into multiple, completely disconnected AdS2 × S2 universes[3,
4]. But so far, an instanton has not been found that describes a transition between a single-centered black hole
configuration to a connected multi-centered black hole configuration.
In this work we describe such an instanton, where the single-centered configuration is a charged Bertotti-Robinson
(BR) universe (corresponding to the AdS2×S2 near-horizon region of an extremal Reissner-Nordstrom black hole)[6],
as shown in Figure 1, and the multi-centered configuration consists of a set of extremal Reissner-Nordstrom (ERN)
black holes placed at arbitrary locations in an encapsulating BR universe, as shown in Figure 2 (the multi-centered
configuration can also be interpreted as a single encapsulating AdS2 × S2 throat that divides into multiple branches
as we move deeper into the throat.) The total charge of the multi-centered solution is equal to the charge of the
single-centered solution. Our instanton differs from the instanton describing the pair production of black holes[2],
as it describes the splitting of an existing black hole throat. It also differs from the well-known Brill instanton[3]
describing the fragmentation of a single AdS2 × S2 throat into several completely disconnected AdS2 × S2 throats.
Brill’s instanton describes vacuum tunneling between a single AdS2×S2 universe, and a set of multiple, disconnected,
disjoint AdS2×S2 universes. Our instanton, on the other hand, describes vacuum tunneling between a single AdS2×S2
throat (corresponding to the black hole throat of a magnetically charged ERN black hole), and a branching AdS2×S2
throat (corresponding to the black hole throat of a magnetically charged ERN black hole that has split into several
throats, the total charge of which is equal to the single throat configuration.) So the Brill instanton can be interpreted
as describing the fragmentation of a single AdS2 × S2 universe. Our instanton can be interpreted as describing the
splitting of a single AdS2 × S2 throat, which nevertheless remains in a single piece at spatial infinity. Thus, our
instanton describes the splitting of an ERN black hole into multiple black holes, within the same universe: in contrast
to the Brill instanton, which describes the fragmentation of one universe into several.
This instanton is analogous to the well-known instanton solution for the symmetric double well in one-dimensional
quantum mechanics, as it connects two degenerate vacua. Thus, rather than describing a decay process, this instanton
describes quantum mixing between two vacuum states. The true ground state will therefore be a quantum superpo-
sition of all such configurations, where each configuration satisfies the condition that the sum of the charges of all
the black holes is equal to the total charge of the single-centered configuration. Calculating the tunneling amplitude
between the vacua, we find that it is equal to half the difference in entropy between the two configurations. This result
agrees with the expectations of [5], where it was suggested that the splitting of ERN black holes could be exponentially
suppressed by a tunneling amplitude proportional to the change in entropy before and after the splitting.
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2FIG. 1: The single-centered configuration, which is simply an AdS2 × S2 Bertotti-Robinson universe with charge Q∞.
This paper is structured as follows. In Section II we describe the multi-centered black hole solutions. In Section
III we find the instanton solution corresponding to tunneling between single and multi-centered configurations. In
Section IV we evaluate the Euclidean action for the instanton to find the tunneling amplitude. We conclude in Section
V.
II. THE BLACK HOLE SOLUTION
In this section we introduce the black hole solutions that describe the two states connected by our instanton. These
are solutions to the Einstein-Maxwell equations that describe magnetically charged black holes. In a spacetime with
coordinates (t, ~x), the metric and the electromagnetic field strengths are given by:
ds2 = −H−2dt2 +H2d~x2 (1)
?F = dt ∧ dH−1, (2)
where H is a harmonic function that satisfies
∇2H = 0, (3)
where ∇2 is the Laplacian on flat R3. This solution describes a Bertotti-Robinson (BR) type universe[6] containing
a number of ERN black holes. The black holes may be located at arbitrary coordinate locations ~xa. If there are N
black holes of charges Q1, . . . , QN , then the function H has the form:
H =
N∑
a=1
Qa
|~x− ~xa| . (4)
We denote the total charge by Q∞ ≡ Q1 + · · · + QN . This solution has a tree-like geometry that is asymptotically
AdS2 × S2 at large radius, but then branches into smaller AdS2 × S2 regions at the ERN black holes. The special
case when N = 1 corresponds to a single-centered black hole solution, which is simply an AdS2 × S2 space of charge
Q∞ = Q1.
These solutions can also be derived by taking the limit Lp → 0 (where Lp is the Planck length) of asymptotically
flat multi-centered ERN black hole solutions with separations of order L2p between the black holes[4]. As Lp → 0, the
asymptotically flat region decouples and we are left with an encapsulating throat of charge Q∞ which splits into N
throats of charge Q1, . . . , QN .
III. THE GRAVITATIONAL INSTANTON
We want to consider a tunneling process in which a single-centered black hole configuration of charge Q∞ splits
into a multi-centered black hole configuration of charges Q1, . . . , QN such that Q∞ = Q1 + · · · + QN . This process
should be described by a gravitational instanton, which is a solution to the Euclidean equations of motion. In order
3FIG. 2: A two-centered configuration, which consists of an encapsulating BR universe (i.e. an AdS2 × S2 throat) containing
two extremal Reissner-Nordstrom black holes of charge Q1 and Q2.
to describe a valid tunneling process[7], the Euclidean action of the instanton should be finite and real. Moreover,
we should be able to define a Euclidean time coordinate τ such that slicing up the spacetime into hypersurfaces of
constant τ takes us from an initial hypersurface Σi at τ = −∞ to a final hypersurface Σf at τ = ∞. The induced
metrics on Σi and Σf should be real, and correspond to spatial slices of the Lorentzian spacetimes that we want to
connect via a tunneling trajectory (in this case, the single-centered and multi-centered solutions.) In order to allow
the Euclidean solution to be joined smoothly to the Lorentzian solutions across Σi and Σf , the extrinsic curvature
Kij should vanish on both surfaces.
Our instanton satisfies all of these conditions[11]. We define initial and final surfaces with zero extrinsic curvature.
The initial surface is reached at τ = −∞ and the final surface at τ = ∞, where τ is a suitably defined notion of
Euclidean time. The initial surface is diffeomorphic to the spatial slice of a Lorentzian Poincare AdS2×S2 throat, and
the final surface is diffeomorphic to the spatial slice of a Lorentzian spacetime that is the aforementioned Poincare
AdS2×S2 space that splits into multiple AdS2×S2 spaces further down the throat, but remain joined at the “top” of
the throat. It is important that we are considering Poincare rather than global AdS2×S2 space times, as we want to
consider the splitting of black hole throats, and the throat of an ERN black hole is given by a Poincare AdS geometry.
Since we are dealing with Poincare AdS2×S2 throats at all times, the initial and final surfaces can be thought of as
spatial slices through the black hole throats of two different black hole configurations. The initial surface corresponds
to a spatial slice through a single ERN black hole throat. The final surface corresponds to a spatial slice through
the throat of an ERN black hole that has split into multiple ERN black holes further down the throat, but remain
connected at the top of the original single throat so that the entire configuration looks like a single ERN black hole
when viewed from far away.
In order to find the gravitational instanton, we first analytically continue the time coordinate to w = −it to obtain
a solution to the Euclidean equations of motion:
ds2 = H−2dw2 +H2d~x2 (5)
?F = −dw ∧ dH−1, (6)
We then define the coordinate[4]:
y =
(
N∑
a=1
Qa√|~x− ~xa|
)2
(7)
Finally, we can define the coodinates τ and σ (where in the end, we will take τ to be our Euclidean time coordinate):
τ =
1
2
log(w2 + y2) (8)
σ = arctan
y
w
(9)
The relation between the coordinates (w, y) and (τ, σ) are shown in Figure 3, where the semicircles represent the
hypersurfaces of constant τ , and σ is the angular coordinate. We let τ take the range of values −τ0 < τ < τ0 for some
4FIG. 3: The relationship between the coordinates (w, y) and (τ, σ). The semicircles represent hypersurfaces of constant τ , and
σ is the angular coordinate.
τ0, and we take σ to cover the range  < σ < pi/2 for some infinitesimal  > 0. We have regulated the lower limit of
σ as σ = 0 corresponds to spatial infinity. In the end we will first take the limit → 0, then τ0 →∞.
We can now define the initial and final surfaces of the instanton. The initial surface Σi is the hypersurface with
τ = −τ0 and  < σ < pi/2, and the final surface Σf is the hypersurface with τ = τ0 and  < σ < pi/2. We now have to
show that the induced metric on these surfaces corresponds to spatial slices of the desired initial and final black hole
configurations as we take the limit → 0, τ0 →∞, and that the extrinsic curvatures on these surfaces is zero.
On the initial surface Σi, we have w
2 + y2 → 0 as τ0 →∞. So we have
y → Q
2
∞
|~x| (10)
And the metric (5) becomes:
ds2 = Q2∞
(
dw2 + dy2
y2
+ dΩ2
)
(11)
= Q2∞
(
dσ2
sin2 σ
+ dΩ2
)
(12)
Explicit computation shows that the extrinsic curvature on this surface is zero. We can glue this to a spatial slice of
Euclidean Poincare AdS2×S2 with charge Q∞[10], which is the initial spacetime we want, by applying the coordinate
transformation:
Y =
2eτ0 sinσ
cosσ + cosh(τ + τ0)
(13)
W =
2eτ0 sinh(τ + τ0)
cosσ + cosh(τ + τ0)
(14)
The metric on Σi in these coordinates is:
ds2 = Q2∞
(
dY 2
Y 2
+ dΩ2
)
(15)
The coordinate Y covers the range eτ0 < Y < eτ0 . If we first take the cutoff → 0, then take the limit τ0 →∞, this
covers the entire AdS2×S2 space. We can therefore join Σi smoothly onto a spatial slice of a Lorentzian single-centered
AdS2 × S2 solution with charge Q∞.
The final surface Σf is slightly more complicated. We first choose a cutoff y = y0 for the y-coordinate. Then for
the range of coordinates y < y0 + δ on Σf for some fixed, small δ, we define the coordinates:
Y = y (16)
W = w
5This section of Σf corresponds to the blue segment of the hypersurface in Figure 4. For fixed y0, as τ0 →∞, we find
that dw → 0 in this region. Specifically, the time-component of the metric is H−2dw2, and we have:
H−1dw → H−1(eτdτ − eτ sinσdσ) (17)
→ −y0H−1dσ = O(e−τ0) (18)
→ 0 (19)
as τ0 → ∞, for y < y0 + δ. Thus the metric on this section of Σf is simply the Poincare spatial slice of the full
multi-centered solution for the range of coordinates eτ0 < y < y0 + δ. Explicit computation shows that the extrinsic
curvature on this section vanishes.
For the range of coordinates y > y0 − δ (corresponding to the red segment of the hypersurface Σf in Figure 4), if
we choose a large enough cutoff y = y0, then we are on one of the throats of the multi-centered solution, as we are in
the region of large y. Thus we have
y → Q
2
a
|~x| (20)
for one of the charges Qa, where we have redefined the coordinate ~x so that the origin is centered at Qa. The metric
approaches
ds2 = Q2a
(
dw2 + dy2
y2
+ dΩ2
)
(21)
= Q2a
(
dσ2
sin2 σ
+ dΩ2
)
(22)
as y0 → ∞. Explicit computation shows that the extrinsic curvature vanishes on this section of Σf . In this region,
we apply the coordinate transformation:
Y =
2eτ sinσ
cosσ + cosh(τ − τ0) (23)
W =
2eτ sinh(τ − τ0)
cosσ + cosh(τ − τ0)
Note that in the overlap region, y0 − δ < y < y0 + δ, the definitions of the two sets of coordinates (16) and (23) agree
in the limit τ0 →∞ for any fixed cutoff y0.
The metric on this segment y > y0 − δ of Σf is, for each throat:
ds2 = Q2a
(
dY 2
Y 2
+ dΩ2
)
(24)
This is the Poincare spatial slice of an AdS2 × S2 throat of charge Qa.
Thus, we find that the blue segment of Σf (corresponding to y < y0 + δ), can be glued to a spatial slice of a
multi-centered solution cut off at y = y0, while the red segment consists of the spatial slices of multiple AdS2 × S2
throats attached to the multi-centered solution at the cutoff. Note that the cutoff y0 may be taken to be arbitrarily
large. As with the initial surface Σi, the coordinate Y covers the range e
τ0 < Y < eτ0 . If we first take  → 0, then
take τ0 →∞, this covers the entire multi-centered solution. So Σf may be glued to the spatial slice of a multi-centered
solution.
IV. THE VALUE OF THE EUCLIDEAN ACTION
We can now evaluate the Euclidean action for the instanton. The action is given by[9]:
−16piI =
∫
(R− FµνFµν)√gd4x+ 2
∫
K
√
hd3x+ C[hij ] (25)
where hij is the induced metric on the boundary, K is the trace of the second fundamental form of the boundary, and
C[hij ] is a term that depends solely on the induced metric at the boundary. The action can be converted into a pure
boundary term[3]:
−8piI =
∫
(K + Cµ ? F
µνnν)
√
hd3x+ C[hij ] (26)
6FIG. 4: (Color online) The initial and final surfaces of the gravitational instanton. The initial surface Σi is given by the
hypersurface τ = −τ0, and the final surface Σf is given by the hypersurface τ = τ0. In order to define the coordinate
transformation that allows Σf to be glued to a spatial slice of the multi-centered solution, we define two regions on Σf : the
blue region corresponds to y < y0 + δ, and the red region corresponds to y > y0 − δ, for some small fixed δ.
where Cµ is a vector potential defined by:
?F = dC. (27)
The spacetime is bounded by the following surfaces: the constant τ hypersurfaces τ = ±τ0,  < σ < pi/2, the
constant σ hypersurface σ = pi/2, −τ0 < τ < τ0, and the constant σ hypersurface σ = , −τ0 < τ < τ0.
On the first three hypersurfaces τ = ±τ0,  < σ < pi/2 and σ = pi/2, −τ0 < τ < τ0, both the extrinsic curvature
term and the electromagnetic term in (26) vanish, and thus do not contribute to the Euclidean action. The constant
σ hypersurface σ = , −τ0 < τ < τ0 corresponds to the hypersurface |~x| = e−τ0/, e−τ0 < w < eτ0 . On this surface,
we find that
K =
1
Q∞
(28)
Cµ ? F
µνnν = − 1
Q∞
, (29)
as → 0, so the two terms cancel, and this hypersurface also does not contribute to the Euclidean action.
Thus the only non-zero contributions to the Euclidean action come from the “edges” of the spacetime, at τ = ±τ0,
σ = , and τ = ±τ0, σ = pi/2. The contribution from the “edges” can be calculated using the results in [8]: the
contribution from an edge formed by two boundaries with spacelike normals n0, n1 (which is the case here, in Euclidean
spacetime) is given by: ∫
edge
−iησ1/2d2x = −iηAa (30)
Aa is the area of the edge |~x − ~xa| → 0, which is 4piQ2a. The factor of −i comes from Wick-rotation, and we have
defined
η ≡ arccosh(−n0 · n1) (31)
In this case we have:
arccosh(−n0 · n1)→ arccosh (0) (32)
at all the edges. Note that the directions of the normals (i.e. whether they are inward or outward-pointing) does not
matter, since we can take the branch of arccosh such that
arccosh (0) =
ipi
2
(33)
whether 0 is approached from above or below. Thus each edge will give a contribution of the same sign.
7As with the contribution from the mantle surfaces, we want to normalize the Euclidean action so that it is zero
when evaluated on a single-centered solution of total charge Q∞ = Q1. Without normalizing, the edge terms for such
a solution add up to:
1
8pi
(
pi
2
A1 +
3pi
2
A∞) =
1
4
A∞, (34)
where the first term comes from the edge τ = τ0, σ = pi/2, and the second term comes from the edges τ = −τ0,
σ = pi/2, and τ = ±τ0, σ = . So we must subtract 14A∞ to obtain the correct normalization (this can be done by
setting C[hij ] = − 14A∞.) This means that the total contribution from the edge terms is:
− 1
8pi
(
N∑
a=1
pi
2
Aa +
3pi
2
A∞ − 2piA∞
)
= − 1
16
N∑
a=1
Aa +
1
16
A∞ (35)
=
pi
4
(
Q2∞ −
N∑
a=1
Q2a
)
(36)
This is equal to half the difference in entropy between the initial and final configurations. This is different from the
value of the Euclidean action for Brill’s instanton, which is equal to the exact difference in entropy between a single
AdS2 × S2 throat and multiple completely disconnected AdS2 × S2 throats. In some sense, it can be seen as natural
that the probability amplitude for our instanton is half that for the Brill instanton, as the instanton in this paper,
unlike Brill’s, connects a single AdS2×S2 throat to a configuration that branches into several AdS2×S2 throats at the
bottom of the single throat, but remains connected at the top. Therefore, it can be said in some sense that only “half”
of the original space becomes disconnected in the transition represented by the instanton, so that the corresponding
tunneling amplitude is also half that of the process which gives a set of completely disconnected spacetimes.
V. CONCLUSION
We have found an instanton that can be interpreted as a tunneling process between a single-centered black hole
solution of charge Q∞ to a multi-centered black hole solution of charges Q1, . . . , QN such that Q∞ = Q1 + · · ·+QN .
The amplitude for the tunneling process is equal to half the difference in entropy between the initial and final
configurations. The black holes that we are considering are contained within an encapsulating AdS2 × S2 throat.
Thus we may consider them as black holes in a BR universe, or alternatively, as an AdS2 × S2 throat that divides
into multiple branches as we move deeper into the throat. In the latter interpretation, our instanton describes the
splitting of the throat of an ERN black hole by quantum tunneling.
Ultimately, it would be desirable to find an instanton that describes the complete splitting of an ERN black hole into
two or more ERN black holes separated by finite coordinate distances in an asymptotically flat space. Our instanton
suggests that this process is not forbidden, as there is at least a finite probability for the throat of an ERN black hole
to split into multiple throats.
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